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Abstract
We establish nonexistence of nonnegative solutions to the BVP:
−Δpu = λf (u) in B,
u = 0 on ∂B,
where λ > 0 is a spectral parameter, Δp
def= div(|∇u|p−2∇u) is the p-Laplacian operator for p > 1 and B
is a unit ball in RN , N  2. Here f is a C1 nondecreasing function which satisfies f (0) < 0 and additional
asymptotic condition at ∞.
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In this paper we consider nonnegative solutions of
−Δpu = λf (u) in B,
u = 0 on ∂B, (1.1)
where λ > 0 is a parameter, B is a unit ball in RN , N  2, centered at the origin and Δpu def=
div(|∇u|p−2∇u) is the p-Laplacian operator for p > 1. We will prove the following theorem.
Theorem 1.1. Suppose f : [0,∞) →R is such that
(F1) f ∈ C1[0,∞), nondecreasing, f (0) < 0 and there exists unique u0 > 0 such that
f (u0) = 0, and
(F2) there exists α ∈ (p − 1,p∗) such that lims→∞ f (s)sα > 0, where p∗ = Np/(N − p) for
p < N and p∗ = +∞ for p N is the critical exponent.
Then there exists λ0 > 0 such that for λ > λ0, (1.1) has no nonnegative solution.
Proposition 1.2 (Special case of Theorem 1 in [3]). If f satisfies (F1), then any nonnegative
solution u of (1.1) is positive in B , radially symmetric and radially decreasing, that is,
u > 0 in B, (1.2)
u = u(r), r = ‖x‖, (1.3)
∂u
∂r
< 0 on B \ {0}. (1.4)
Moreover, ∂2u/∂r2 exists and is continuous for r ∈ (0,1].
Remark 1. Due to Proposition 1.2 above, studying nonnegative solutions of (1.1) is equivalent
to studying positive solutions of
−(rN−1φp(u′))′ = λrN−1f (u) for 0 < r < 1,
u′(0) = 0 = u(1), (1.5)
where φp(s) = |s|p−2s for s 	= 0 and φp(0) = 0.
Remark 2. For reader’s convenience we list some of the properties of the function
φp :R→R,
defined above, that are relevant in this paper. Namely,
(i) φp is an odd increasing homeomorphism of R onto itself;
(ii) the inverse mapping of φp , denoted by (φp)−1, is given by (φp)−1 = φp′ where
1/p + 1/p′ = 1;
(iii) φp is differentiable and its derivative, denoted by φ′p , is given by φ′p(s) = (p − 1)|s|p−2 for
s 	= 0 and, φ′p(0) = 0 provided p > 2.
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established in [5] in the case of general bounded domain. In fact, the result was established for
a system of two equations. However, when f is (p − 1)-superhomogeneous, as in our paper,
nonexistence result for positive solutions was not known, even in n = 1 case. Thus Theorem 1.1
seems to be a new result in this direction and complements the existence results, of positive
solutions, for λ small in [2,6].
There seems to be a growing interest in extending the results that are established for p = 2
to p 	= 2 due to the inherent difficulty posed by the p-Laplacian operator which is not linear.
When p = 2, nonexistence of nonnegative solutions in a ball was discussed in Brown et al. [4]
and nonexistence of positive solutions in a general domain was established in Allegretto et al. [1,
Theorem 2]. This paper extends the result in [4] for 1 < p < +∞. However, the nonexistence of
positive solution in a general bounded domain remains open if p 	= 2.
Due to Remark 1, we are able to use the ODE techniques to prove our result. In fact, we follow
the line of proof outlined in [4] by making appropriate adjustments using the properties of φp .
In Section 2, we state and prove lemmas that will be used in Section 3 to prove Theorem 1.1. In
Section 4, we outline the proof of Proposition 1.2.
2. Preliminary results
Let U0 > 0 be the zero of F(u) =
∫ u
0 f (s)ds and let c > 2. Then
M
def= max
u0
c
u u0+U02
F(u) < 0. (2.6)
By (F2), there exists k > 0 such that
f (u) kuα, ∀u u0 + U0
2
> 0. (2.7)
Lemma 2.1. Let u be a positive solution of (1.5). Then u(0)U0.
Proof. Let u be a positive solution of (1.5) and define
E(r)
def= λF (u(r))+ p − 1
p
∣∣u′(r)∣∣p, r ∈ [0,1].
Clearly E is continuous on (0,1].
Claim 1. E is continuous at r = 0.
Proof of Claim 1. It is enough to show that u′ is continuous at r = 0. Integrating both sides of
Eq. (1.5) from 0 to , for some  > 0 small, we get
−N−1φp
(
u′()
)= λ
∫
0
rN−1f
(
u(r)
)
dr.
By (F1), |f (s)| |f (0)| on [0, ], and therefore
N−1
∣∣φp(u′())∣∣ λ
∫
rN−1
∣∣f (0)∣∣dr = λ |f (0)|N
N
,0
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N
.
Using properties (i) and (ii) of φp , we get∣∣u′()∣∣ φp′
(
λ
|f (0)|
N
)
.
We establish our claim by letting  → 0. 
Claim 2. E′(r) < 0 for r ∈ (0,1).
Proof of Claim 2. Note that u′′(r) exists and is continuous on (0,1) by Proposition 1. Therefore,
E′(r) = λf (u(r))u′(r) + (p − 1)∣∣u′(r)∣∣p−2u′(r)u′′(r)
= [λf (u(r))+ (p − 1)∣∣u′(r)∣∣p−2u′′(r)]u′(r)
= [λ(f u(r))+ (φp(u′(r)))′]u′(r). (2.8)
Expanding the left-hand side of (1.5) using (iii), and then dividing both sides by rN−1, we get
−(φp(u′(r)))′ − N − 1
r
φp
(
u′(r)
)= λf (u(r)). (2.9)
Substituting (2.9) in (2.8) yields
E′(r) = −N − 1
r
φp
(
u′(r)
)
u′(r).
But u′(r) < 0 for r ∈ (0,1) and φp is odd. Therefore, E′(r) < 0 for r ∈ (0,1). 
Since E is continuous on [0,1] and E(1) = p−1
p
|u′(1)|p  0, we must have E(0) =
λF(u(0)) 0 by Claim 2. This gives u(0)U0. 
Lemma 2.2. There exists λ∗ > 0 such that if λ > λ∗ and u is a positive solution of (1.5), then
there exists r1
def= r1(λ) ∈ (0,1/2] such that u(r1) = (u0 + U0)/2.
Proof. If u is a positive solution of (1.5), then u(0) U0 > (U0 + u0)/2 (notice that U0 > u0).
By the continuity of u on [0,1], the lemma is not true if and only if u(r) > (u0 + U0)/2 for all
r ∈ [0,1/2]. Integrating Eq. (1.5) with respect to r and using the fact that u′(r) 0 on [0,1], we
get
rN−1φp
(
u′(r)
)= −
r∫
0
λf
(
u(t)
)
tN−1 dt
−λ
r∫
0
kuα(t)tN−1 dt by (2.7)
= −λ
r∫
kuα(t)
[
tN/N
]′ dt
0
M. Chhetri, P. Girg / J. Math. Anal. Appl. 322 (2006) 957–963 961= −λkuα(r)[rN/N]+ λk
r∫
0
[
tN/N
]
αuα−1(t)u′(t)dt
−λkuα(r)[rN/N].
By (i), (ii) and the definition of φp , and the positivity of λ, r, k,u, we have
u′(r) φp′
(−λkuα(r)[r/N ])= −(λk/N)p′−1rp′−1u(p′−1)α(r), ∀r ∈ [0,1/2],
and so
u′(r)/u(p′−1)α(r)−(λk/N)p′−1rp′−1, ∀r ∈ [0,1/2]. (2.10)
Since u(r) > (u0 + U0)/2 > 0 on [0,1/4], we can integrate (2.10) from 0 to 1/4 and obtain
1
u
α
p−1 −1(1/4)
− 1
u
α
p−1 −1(0)

(
α
p − 1 − 1
)(
λk
N
)p′−1 1
p′4p′
,
i.e.,
1
u
α
p−1 −1(1/4)
 1
u
α
p−1 −1(0)
+
(
α − p + 1
p − 1
)(
λk
N
)p′−1 1
p′4p′
.
Hence
u(1/4)
[
1
p′4p′
(
α − p + 1
p − 1
)(
k
N
)p′−1]− p−1
α−p+1
λ
− 1
α−p+1 .
Therefore, we can find λ∗ > 0 such that for all λ > λ∗ we will have u(1/4) < (u0 + U0)/2,
a contradiction. 
Lemma 2.3. There exists λ∗∗ > 0 such that if λ > λ∗∗ and u is a positive solution of (1.5), then
there exists r2
def= r2(λ) ∈ [3/4,1) such that u(r2) = u0/c for any c > 2.
For p > 2, we can carry out the proof of Lemma 2.3 following that for p = 2 of [4,
Lemma 1.2] with minor changes only. However, it seems impossible to adapt their way of proof
for 1 < p < 2. We, therefore, suggest different proof which covers all p > 1 and is even simpler
than that in [4, Lemma 1.2].
Proof. Suppose Lemma 2.3 is not true for some c > 2. Then there exist a sequence {λn}∞n=1,
λn → ∞, and a corresponding sequence of positive solutions {uλn}∞n=1 of (1.5) and a sequence
of {cn}∞n=1, cn > 2, such that uλn(r) 	= u0/cn for all r ∈ [3/4,1). Using uλn(1) = 0 and the
continuity of uλn , we infer that uλn(r) < u0/cn for all r ∈ [3/4,1). Therefore, uλn(r) < u0/2 for
all r ∈ [3/4,1) since cn > 2.
Integrating Eq. (1.5) from r (< 1) to 1, and using the properties of φp , namely (ii), leads to
u′λn(r) = φp′
[
1
rN−1
(
φp
(
u′λn(1)
)+ λn
1∫
sN−1f
(
uλn(s)
)
ds
)]
.r
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u0/c we have f (u(s)) < f (u0/2) < 0. Using these facts and the properties of φp (namely (i),
(ii), and the definition of φp), we find that
u′λn(r) φp′
(
λnf (u0/2)
1∫
r
sN−1 ds
)
.
Therefore, since p′ − 1 = 1/(p − 1), we have
u′λn(r)−
∣∣∣∣∣λf (u0/2)
1∫
r
sN−1 ds
∣∣∣∣∣
p′−1
= −Kλ1/(p−1),
where
K
def=
∣∣∣∣∣f (u0/2)
1∫
r
sN−1 ds
∣∣∣∣∣
p′−1
> 0.
Using above estimate, we find that
uλn(r) =
r∫
1
u′λn(s)ds = −
1∫
r
u′λn(s)ds Kλ
1/(p−1)
n (1 − r).
For, say, r = 4/5 ∈ [3/4,1), we have
uλn(4/5)
Kλ
1/(p−1)
n
5
,
which gives
uλn(4/5) u0/2
for λn  (5u0/(2K))p−1, a contradiction. 
3. Proof of Theorem 1.1
Assume that Theorem 1.1 is not true, i.e., there exists a sequence {λn}∞n=1 > 0, λn → ∞, such
that for each λn, there exists a nonnegative solution un of (1.1). Note that lemmas of Section 2
are applicable since, by Proposition 1.2, un = un(r) > 0.
Let λ∗, r1 = r1(λn) and λ∗∗, r2 = r2(λn) be as defined in Lemmas 2.2 and 2.3, respectively.
Now, if λn > max{λ∗, λ∗∗} then by the mean value theorem there exists r3 ∈ [r1, r2] such that∣∣u′n(r3)∣∣= ∣∣{un(r2) − un(r1)}/(r2 − r1)∣∣ ∣∣{u0/c − (u0 + U0)/2}/(1/4)∣∣ 2U0, (3.11)
since c > 2. Thus
E(r3) = λF
(
un(r3)
)+ p − 1
p
∣∣u′n(r3)∣∣ λM + 2(p − 1)U0p .
Since λn → ∞ and M < 0 is independent of n,
E(r3) < 0
for n large enough. On the other hand, E is nonincreasing in [0,1] and E(1) = p−1
p
|u′(1)| 0,
a contradiction.
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It is easy to see that if u is a nonnegative solution of (1.1) and satisfies (1.3) and (1.4) then u
satisfies (1.2), that is, u is positive in B . Since the condition (b2) of [3, Theorem 1] is vacuously
true in our case (n  2 and f (x,0) = f (0) < 0), it follows easily from [3, Theorem 1] that u
satisfies (1.3) and (1.4). Namely, we take f (r,u) = f (u), and since f is nondecreasing, we have
f (u) (u0 − u)p−1, u ∈ [0, u0],
satisfying the assumption (a) of [3, Theorem 1] with β(s) = sp−1 for s  0.
Now, due to radial symmetry of u, Eq. (1.1) is equivalent to
−(rN−1φp(u′(r)))′ = λrN−1f (u(r)) for 0 < r < 1, (A.1)
u′(0) = 0 = u(1). (A.2)
Let v def= rN−1φp(u′). Using (1.4) and the fact that r ∈ (0,1) and φp is an odd increasing home-
omorphism of R, we have v(r) < 0 for r ∈ (0,1). We rewrite (A.1) as an equivalent system of
equations
u′(r) = φp′
(
v(r)
rN−1
)
for 0 < r < 1,
v′(r) = λrN−1f (u(r)) for 0 < r < 1, (A.3)
where φp′ is the inverse of φp with 1/p + 1/p′ = 1. Every positive solution to (A.1)–(A.2) shall
satisfy v(r0) = v0, u(r0) = u0 for r0 ∈ (0,1) fixed where v0 < 0 and u0 > 0. Since φ′p′ exists
and is continuous on R \ {0} and v ∈ C1(r0 − δ, r0 + δ) for some δ > 0 small enough, see [7,
Theorem 1.2 on p. 7 and its extension to systems on p. 19], we can write
u′′(r) = φ′p′
(
v(r)
rN−1
)(
rN−1v′(r) − (N − 1)v(r)rN−2
r2n−2
)
.
This implies u ∈ C2(r0 − δ, r0 + δ). But r0 ∈ (0,1) is arbitrary and hence the proof is complete.
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